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We investigate the Heisenberg XXZ-chain with long-range interactions in the Z-dimension. By
applying two magnetic boundary reservoirs we drive the system out of equilibrium and induce a non-
zero steady state current. The long-range coupled chain shows nearly ballistic transport and linear
response for all potential differences of the external reservoirs. In contrast, the common isotropic
nearest-neighbor coupling shows negative differential conductivity and a transition from diffusive
to subdiffusive transport for a far from equilibrium driving. Adding disorder, the change in the
transport for nearest neighbor coupling is therefore highly dependent on the driving. We find for
the disordered long-range coupled XXZ-chain, any change in the transport behavior is independent
of the potential difference and the coupling strengths of the external reservoirs.
The study of generic strongly-correlated quantum spin-
models is of fundamental importance to understand un-
derlying quantum phase transitions. Recently it became
experimentally accessible to tune the interactions be-
tween spins such that long-range interactions can be in-
vestigated [1–6]. Long-range interactions occur in real
physical systems e.g. Coulomb interaction. A general-
ization of the well studied nearest-neighbor scenario to
long-range interactions in spin-models provides a deeper
understanding and has drawn a lot of interest in the
recent years [7–9]. One example for a phase transition
is the many-body localization (MBL) transition [10–19],
the generalization of Anderson localization [20] for in-
teracting systems, e.g. the disordered Heisenberg spin-
chain. Recent publications provide a MBL transition in
models with long-range interactions [18, 21–23]. While
it has been demonstrated that MBL exists in an isolated
quantum system as the Heisenberg XXZ-chain[24, 25] it
is still challenging in the presence of an external bath.
Several approaches considered the existence of a thermal-
izing reservoir regarding the spectral properties [26, 27],
while others focused on the effect of dephasing referring
to the measurement of optical lattice systems[28–30].
One method to characterize MBL is the strictly zero con-
ductivity in the localized phase, associated with a tran-
sition from metallic to insulating behavior [10]. Thus,
vanishing current at a certain disorder strength indi-
cates the MBL transition. A well studied approach to an
open Heisenberg model is connecting the system to two
magnetic reservoirs at the boundaries [31–38]. By keep-
ing the reservoirs at different potentials, a spin current
is induced. For nearest-neighbor coupling it has been
demonstrated that such boundary driven spin-models
provide non-equilibrium features such as negative differ-
ential conductivity (NDC) [39, 40] or anomalous trans-
port [41, 42]. Dephasing enhances the transport [43–
45]. If disorder is applied, it remains an open question
whether MBL survives in these boundary driven systems.
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Still, the ergodic side with weak disorder contains a tran-
sition from diffusive to subdiffusive transport [46]. For
the isolated Heisenberg-chain different results were ob-
tained with either a transition from diffusive transport
to a subdiffusive regime close to the MBL transition
[47, 48] or a subdiffusive regime up until zero disorder
[49–51]. We capture the idea of ref. [46] but study the
transport properties of the system being far from equi-
librium, finding a subdiffusive regime all the way to zero
disorder. Due to the far from equilibrium situation, the
system builds up ferromagnetic domains at the bound-
aries (spin-blockade)[40] leading to NDC [39] which sup-
presses the transport already for zero disorder. We find
that for a long-range interaction for the Ising-part, the
system is robust against far from equilibrium effects and
NDC is absent. The transport remains nearly ballistic for
all investigated potential differences and reservoir cou-
pling strengths. In case of disorder, long-range coupling
shows a transition to subdiffusive transport at a disor-
der strength independent of the external reservoirs. This
indicates a great difference between long-range coupling
and nearest neighbor coupling for the far from equilib-
rium situation. Our findings propose that long-range
coupling makes an ideal candidate to study many-body
localization for the situation of two boundary reservoirs
as the transport is not dependent on the bath induced
localization at the boundaries.
I. MODEL
We consider a Heisenberg quantum spin-chain consis-
tent of N spins. We focus on the isotropic case where
all spin coupling constants J are equal. We describe
the Hamiltonian via Pauli spin-matrices {σx, σy, σz}, ob-
tained from the Spin-operator S = ~2σ. The Hamiltonian
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FIG. 1. Model of the Heisenberg-chain coupled to two Lind-
blad reservoirs at the boundaries: Neighboring spins can flip
which is demonstrated as excitation hopping via (σ−i σ
+
i+1)
(†).
The interactive Ising part σzi σ
z
i+l will be either a nearest-
neighbor (l = 1) or a long-range coupling. Two Lindblad
reservoirs are applied at the edges of the chain with excita-
tion in- and outscattering rates Γ. The chain is driven via a
potential difference of the reservoirs µ which induces a spin
current.
reads (~ = 1)
H =
N−2∑
i=0
J
4
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A =
1
(N − 1)
N−2∑
i=0
N−1∑
l>i
1
|l − i|α , (2)
whereby the first two terms describe spin-flips between
neighboring sites. The second term is an Ising-like inter-
action between the spins.
The Heisenberg spin-chain is equal to a model of spinless
fermions[40], which is why we illustrate the spins as two-
level systems with one fermion per site. Thus, the upper
level is equal to spin up and and vice versa. Our model
system is schematically shown in Fig. 1.
We apply a long-range coupling within the interaction
term σzi σ
z
i+1 where α differs between the coupling sce-
narios. If α → ∞ it reproduces the nearest neighbor
coupling, leading to the standard disordered isotropic
Heisenberg spin-chain. We assume α = 1000 as the
nearest-neighbor case. The case α → 0 describes equal
coupling with all other sites. All other values of α repre-
sent a decaying coupling with the distance. We consider
the case α = 0.5 as long-range coupling, where the in-
teraction decays with the square root of the distance.
In order to compare the two different coupling-scenarios,
we normalize the long-range coupling with weight on α
as shown in Eq. (2). Thus, the limiting cases of α→∞
yields A = 1 and α = 0 defines A = N/2.
Within Sec. IV we investigate the effect of disorder which
describes the last term in Eq. 1. We apply disorder via
hi ∈ [−h, h] randomly at each site of the chain, shifting
the on-site energies.
In order to induce and control spin transport, we apply
two different reservoirs which act on the boundary spins
{0, N − 1}. We model the system-reservoir interaction
with the Lindblad master equation and evaluate the full
density-matrix dynamics via
∂tρ(t) = −i [H, ρ(t)] +
∑
j∈{L,R}
k∈{+,−}
D
[
Ljk
]
ρ(t) . (3)
The Lindblad-terms describe a generic system-reservoir
interaction within Born-Markov and secular approxima-
tion. The typical Lindblad-form with superoperator D
reads
D[xˆ]ρ = 2xˆρxˆ† − {xˆ†xˆ, ρ} , (4)
with anticommutator brackets {a, a†} = aa† + a†a. At
the left side of the chain we use for the operator xˆ the
Lindbladians[46]
LL+ =
1
2
√
Γ(1 + µ)σ+0 , L
L
− =
1
2
√
Γ(1− µ)σ−0 (5)
and for the right side the complex conjugate
LR+ =
1
2
√
Γ(1− µ)σ+N−1, LR− =
1
2
√
Γ(1 + µ)σ−N−1 .
(6)
We introduce the driving parameter µ ≥ 0 phenomeno-
logically as a potential difference between the two reser-
voirs as it can be seen in Fig. 1. Due to the different
in- and outscattering for the left and the right boundary
spin, µ > 0 induces a spin-current through the chain. For
µ  1, the system acts within a linear response regime.
Maximal driving is obtained for µ = 1 which describes
just inscattering at the left and outscattering at the right
side. Or in other words for the latter case, the left reser-
voir contains only spin-up magnetization while the right
reservoir only includes magnetization of spin-down. We
initialize all sites with spin-down ρ(0) = | ↓↓↓ ...〉〈↓↓↓ ...|.
Due to the boundary reservoirs at different potentials, the
system converges to a non-equilibrium steady state.
We focus on the spin-current which is derived via the
continuity equation
−σ˙zk =
jk − jk−1
k − (k − 1) = jk−1 − jk . (7)
Calculating the time derivative with Heisenberg equation
of motion σ˙zk = i [σ
z
k, H], the spin-current reads
jk =
J
4
(
σxkσ
y
k+1 − σykσxk+1
)
. (8)
Reaching the non-equilibrium steady state, the rela-
tive spin-current is independent of the site index and
therefore 〈j〉 = limt→∞Tr (ρ(t)jk).
II. CHARACTERIZING SPIN-TRANSPORT
We investigate the transport of both models, either
nearest-neighbor coupling (α = 1000) or long-range cou-
pling (α = 0.5). Hereby we show that a long-range cou-
pled chain still acts within a linear response regime for
3all kind of external driving in contrast to the nearest-
neighbor scenario. For the following plots we set J = Γ.
In Fig. 2 we show the absolute current N〈j〉 versus
(a) α = 1000 (b) α = 0.5
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FIG. 2. Comparison between the nearest-neighbor scenario
(a) α = 1000 and long-range coupling (b) α = 0.5 for differ-
ent chain lengths. We show the absolute current N〈j〉 versus
the driving strength µ. For weak driving, both scenarios are
within a linear response regime where the current increases
linearly with the driving strength. For nearest-neighbor cou-
pling (a), the current reaches a maximum at a certain driving
strength which is dependent on the system size. After the
maximum, the current decreases and shows NDC due to the
building of a wide spin-blockade. At µdiff ≈ 0.6 there is a
crossing of the current for different system sizes signifying dif-
fusive transport. In contrast, for long-range coupling (b) the
system is still within a linear-response regime for maximal
driving.
the driving strength µ. We compare the nearest neigh-
bor case α = 1000 (a) (red) with a square root decay-
ing coupling with the distance α = 0.5 (b) (blue). For
the nearest-neighbor case, the system exhibits a NDC as
already shown in ref. [39, 40]. Surprisingly, for long-
range coupling, the system still acts close to a linear
response regime for strongest driving and do not show
NDC. The reason for the NDC in chains with strong de-
caying coupling lies in a spin-blockade which is build up
at the boundaries and counteract the inscattering pro-
cess. Long-range coupling does not show NDC in anal-
ogy to the anisotropic Heisenberg-chain with Jz < Jx,y
[39].
We highlight that for nearest-neighbor coupling there is
a crossing of the curves at µdiff ≈ 0.6, meaning that
the absolute current is the same for all system sizes at
that driving strength. µdiff marks a driving strength,
where the system obeys a phenomenological transport
law j = D∇σz with D independent of the system size
signifying diffusive transport. Note, that the intersection
is only at a specific driving µdiff for N ≥ 7. We be-
lieve that for smaller systems, finite size effects dominate
due to a smaller spin-blockade. For µ < µdiff , the ab-
solute current increases with the system size N while for
µ > µdiff it decreases with N . For long range coupling
the absolute current is always increasing with N , also
for maximal µ and shows linear response to all driving
strengths.
In order to quantify the transport, we investigate now
the relative current 〈j〉 versus the system size N which
(a) α = 1000 (b) α = 0.5
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FIG. 3. Relative current 〈j〉 versus system size N for weak
(µ = 0.02) and strong (µ = 1) external driving. (a) Nearest-
neighbor coupling: For weak driving we obtain γ = 0.48 which
is close to the known value γ = 0.5 [33] with superdiffu-
sive transport. For strongest driving the transport changes
to either subdiffusive transport (γ = 1.87) or an exponential
decay. (b) Long-range coupling: In contrast to the nearest
neighbor scenario, the transport for long-range coupling is in-
dependent of the external drive. For both cases the transport
is nearly ballistic with γ = 0.01.
we show in Fig. 3. We assume the relative current to
scale as 〈j〉 ∼ 1/Nγ , where the power-law exponent γ
differs between the transport scenario. γ = 1 we call dif-
fusive transport what is the case at µdiff . Any γ < 1 we
call superdiffusive with the case γ = 0 signifying ballistic
transport. If γ > 1 the transport is called subdiffusive.
We distinguish between the two relevant cases here, weak
and strong driving in the following.
A. Weak driving
Analyzing the scaling for the weak driving regime with
µ = 0.02 and system sizes up to N = 11 (Fig. 3), we ob-
tain 〈j〉µ=0.02 ∼ 1/N0.48 for the nearest-neighbor case.
This value agrees with γ = 0.5 of Ref. [33, 46] ob-
tained for system sizes up to N = 250. The transport
of the clean case is therefore superdiffusive for nearest-
neighbor coupling and weak driving within the linear re-
sponse regime.
For the long-range scenario for the clean case, we obtain
〈j〉µ=0.02 ∼ 1/N0.01 which is nearly ballistic transport.
Thus, nearest-neighbor coupling and long-range coupling
show already a difference in the transport for weak driv-
ing.
B. Maximal driving
Leaving the linear response regime by choosing strong
driving, the nearest-neighbor scenario exhibits NDC. As
mentioned before, the intersection at µdiff ≈ 0.6 in Fig.
2 signifies diffusive transport. Increasing µ, the power
law exponent changes to γ > 1. For maximal driving
we obtain 〈j〉µ=1 ∼ 1/N1.87 which signifies subdiffusive
transport. In Fig. 3(a) we also show an exponential fit
of the data which would indicate an insulating system.
4We remark that in Ref. [40] an exponential fit was
more adequate. Our data supports more a power law
scaling but for our system sizes finite size effects still are
non-negligible. Nevertheless, our purpose is to highlight
the difference between nearest-neighbor and long-range
coupling which is remarkably: For long-range coupling
we obtain 〈j〉µ=1 ∼ 1/N0.01 which is the same as for
weak driving with nearly ballistic transport. Therefore,
for long-range coupling, the transport is not influenced
by the external driving µ. To clarify this robustness, we
now investigate the reservoir coupling strength Γ.
C. Reservoir dependency
By varying the external scattering rates, we show
that the transport for long-range coupling remains the
same for typical reservoirs characterized with Γ, µ while
for nearest-neighbor coupling the transport behavior is
changed remarkably. In Fig. 4 we again show the two
FIG. 4. Relative current versus the scattering rate Γ for weak
(a), (b) and strong driving (c), (d). For weak driving, the
maximum is at Γ/J = 1 for nearest-neighbor (a) and long-
range coupling (b). The current 〈j〉 decreases with the system
size for all Γ-values for nearest-neighbor coupling while it is
the same for all investigated system sizes and Γ for long-range
coupling. In the far from equilibrium situation the maxi-
mum tends to smaller Γ for nearest-neighbor coupling and
increasing system size (c). For long-range coupling (d) noth-
ing changes but the value of the current.
cases: The weak driving regime by comparing nearest-
neighbor (a) and long-range coupling (b) as well as the
far from equilibrium situation with maximal driving (c)
and (d). For weak driving, both, inscattering σ+ (spin
up) and outscattering σ− (spin down) is present at both
sides of the chain with a small bias to spin up (left) or spin
down (right) (Eq. (5) and (6)). For simplicity we restrict
the explanation to the left side, where spin up magnetiza-
tion (Γ(1+µ)) dominates over spin down (Γ(1−µ)) in the
reservoir. The maximal current is obtained for nearest-
neighbor and long-range coupling at reservoir coupling
strength Γ/J = 1. The reason is that the spin-flips to
the right site dominate over the spin down magnetiza-
tion of the reservoir J > Γ(1 − µ) while the current is
driven by J < Γ(1 + µ). A decreasing of the scatter-
ing rate Γ/J < 1 results in lesser inscattering and thus
reduces the current to the right side. Increasing of the
scattering Γ/J > 1 results also in a higher probability of
outscattering (spin down) at the left boundary spin due
to J < Γ(1 − µ). As a consequence, only the boundary
spins are aligned with respect to the bath magnetization
and no further spins are influenced and thus reducing the
current. Now let us consider the transport of the nearest-
neighbor scenario. At Γ/J = 1 it is superdiffusive with
γ ≈ 0.5 as shown before. Either increasing or decreasing
Γ decreases the power law exponent γ as it can be seen
qualitatively in Fig. 4(a) that the curves for different
system sizes converge. For Γ/J < 1, the influence of the
reservoir reduces and thus the polarizations of all spins
vanish, becoming independent of the system size. For
Γ/J > 1, only the boundary spins polarize with respect
to the reservoir due to J < Γ(1 − µ). Therefore, it be-
comes more and more independent of the system size for
increasing Γ as the transport of polarization to further
spins is reduced. However, for long-range coupling (Fig.
4(b)), all system sizes show the same current, even at the
maximum. Independent of the bath magnetization, the
transport always remains nearly ballistic. A change of
the scattering rate Γ only changes the value of the cur-
rent and not the scaling with the system size.
At maximal driving, the left reservoir only contains spin
up magnetization (2Γσ+) and no spin down. Any po-
larization has to be transported to the right side of the
chain. Thus, the reason for the decreasing current is
different in comparison to the weak driving regime and
lies in the spin-blockade effect. A strong alignment of the
boundary spin reduces the inscattering probability as the
spin is already polarized. For this reason, the maximum
is moving to smaller rates Γ/J < 1 at maximal driving
(Fig. 4(c)) for nearest-neighbor coupling. Due to the
missing outscattering, the spins accumulate up to the
central site and a smaller Γ is in favor for the current.
The number of sites to cross increases with the system
size, which is why the maximum moves to smaller Γ/J
for a higher number of spins. For this reason, the scaling
of the current with the system size (cp. Fig. 3(a)) at a
specific Γ changes dramatically to subdiffusive transport
(γ ≈ 1.9) or even exponential decay [40]. Higher scat-
tering rates Γ/J > 1 intensify the spin-blockade effect,
which is why the current decreases, comparable to self-
quenching in few emitter lasers. As for the weak driving
regime Γ/J  1 reduces the influence of the reservoir
and the current becomes more independent of the sys-
5tem size.
In Fig. 3(b) we have shown that for long-range cou-
pling the transport remains nearly ballistic for maximal
driving at Γ/J = 1 as it is the case for weak driving.
For maximal driving one might expect, that an increas-
ing scattering Γ for maximal driving would increase the
current as well, as there is maximal potential difference
between both reservoirs and no NDC. But on the con-
trary, even for maximal driving, the maximal current is
obtained as well at Γ/J = 1 (Fig. 4(d)). This is surpris-
ing, the transport behavior does not change for strong
driving due to a missing spin-blockade effect, but still
the current for Γ/J > 1 decreases. Also for long-range
coupling, the boundary spin polarizes with respect to the
bath magnetization. For strongest driving the boundary
spin is driven to spin up and counteracts further inscat-
tering. Still, the transport behavior does not change.
This effect we explain more detailed in the following sec-
tion. The maximal driving does not change the system
response in comparison to the weak driving (Fig. 4(b))
but for the value of the current. Also for all other inves-
tigated Γ-values, the transport remains nearly ballistic.
Therefore, the transport behavior for long-range coupling
is completely independent of the potential difference or
the reservoir coupling strengths.
III. ABSENCE OF NEGATIVE DIFFERENTIAL
CONDUCTIVITY
Now we investigate in more detail the reason for the
absence of NDC in long-range coupled chains and the
robustness of the transport behavior against changing
reservoir parameters. We show the magnetization pro-
file for nearest-neighbor (red) and long range coupling
(blue) in Fig. 5. We again differentiate between the weak
driving regime (a) and the far from equilibrium situation
with maximal driving (b). Note that the range of the
magnetization 〈σzi 〉 is different for (a) and (b). For weak
driving all spins are not aligned in a specific direction.
Even the boundary spins are close to 〈σz0,N−1〉 ≈ 0.5 and
are only aligned weakly with respect to the bath mag-
netization. Due to the different bath potentials, a small
gradient from left to right is induced. We highlight that
already in the weak driving regime this parameter set
shows a difference between nearest-neighbor and long-
range coupling, leading to superdiffusive transport for
α = 1000 and nearly ballistic transport for α = 0.5 which
we demonstrated in Sec. II. The reason for the different
transport behavior is an increased gradient of the spins
close to the center for nearest neighbor coupling. A linear
gradient for all spins would indicate diffusive transport as
the transport law j = D∇σz is fulfilled with D indepen-
dent of the position and chain length. We remark that at
µdiff the magnetization profile for nearest-neighbor cou-
pling shows a linear decrease with diffusive transport.
In contrast, for strong driving (b), the magnetiza-
tion profile shows also a qualitative difference between
(a) weak driving µ = 0.02 (b) maximal driving µ = 1
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FIG. 5. Magnetization profile (occupation probability) 〈σzi 〉
for the different site indexes normalized by the chain length
i/(N −1) for weak (a) and maximal driving (b). Red denotes
nearest-neighbor and blue long-range coupling. (a): All values
of the single site magnetization are close to 〈σzi 〉 ≈ 0.5, there is
a linear decrease of the magnetization from the left side up to
the right side of the chain. Only the first and the last site do
not show this linear behavior due to the in and outscattering.
There is a difference in the linear decrease between long-range
and nearest-neighbor coupling defining nearly ballistic and
superdiffusive transport. (b) maximal driving: Long-range
coupling shows the same magnetization profile as in the weak
driving regime resulting as well in nearly ballistic transport.
The magnetization profile for α = 1000 has changed signifi-
cantly. The in-and outscattering influence further sites and
the building of a wide spin-blockade takes place which is re-
sponsible for the current decrease in Fig. 2(a) and is the
reason for the change of the transport.
nearest-neighbor and long-range coupling. For α = 0.5
only the boundary spins are polarized with respect to the
bath magnetization while for α = 1000 also further spins
are polarized. This is the spin-blockade which counter-
acts the inscattering at the left side of the chain, as spin
polarizations accumulate up to the centered site. There-
fore, the gradient is beyond the linear decrease, which is
why the transport changes for strong driving in case of
nearest-neighbor coupling. It is clearly visible that for
long-range coupling the spins do not polarize except for
the boundary spins. Therefore, the spin-blockade is not
existent and NDC is absent which is why the transport
remains the same for all driving strengths for long-range
coupling. Long-range coupling enables interactions be-
yond the central site. The ferromagnetic domain at the
left side interacts with its magnetic counterpart at the
right side of the chain what we illustrate in Fig. 6.
Due to the interaction between the two ferromagnetic
domains, the respective polarization on both sides is re-
duced. However, the boundary spins are still affected by
the external reservoirs and polarize, counteracting fur-
ther inscattering. Therefore, the current also decreases
for maximal driving if Γ increases (cp. Fig. 4(d)). For
nearest-neighbor coupling also further spins are affected
by the respective bath polarization and build up a spin-
blockade. This bottleneck reduces the current, resulting
in NDC. Long-range coupling is robust against accumu-
lation of polarizations and the transport remains nearly
ballistic for all driving strengths and all investigated scat-
6Γ(1+μ) μ
Long-range
Γ(1+μ)
Γ(1+μ) μΓ(1+μ)
Nearest-neighbor
FIG. 6. Illustration of the spin-blockade for nearest-neighbor
and the missing NDC for long-range coupling in case of max-
imal driving. For nearest-neighbor coupling, the spin polar-
izations accumulate up to the central site. For long-range
coupling, the spins interact with its magnetic counterpart at
the other side of the chain and thus reducing the respective
polarizations.
tering rates Γ.
IV. EFFECT OF DISORDER
An increase of the external driving results in a change
of the transport behavior from diffusive to subdiffusive
transport or even exponential decay for nearest neighbor
coupling. If disorder is applied, a change of the trans-
port to an insulating exponential decay is of great inter-
est regarding the many-body localization (MBL) transi-
tion. In case of weak driving, it was shown by ref. [46]
that the boundary driven nearest-neighbor coupled XXZ-
chain contains a transition from diffusive to subdiffusive
transport with increasing disorder, before the system ex-
hibits MBL, according to a Griffiths effect [47, 52]. We
capture this point and show that this transition is highly
dependent on the external reservoir for driving beyond
the linear response regime. Furthermore, we show that
the transport of a long-range coupled chain is not affected
by the reservoir and any change in the transport is inde-
pendent of the external drive.
For each data point in the following plots, the disorder is
applied randomly at each site with hi ∈ [−h, h]. For each
disorder realization we evaluate the full density-matrix
dynamics until the system converges to a non-equilibrium
steady state. We repeat this procedure with new random
disorder realizations until the current is well averaged
as well as each averaged disorder h¯i ≈ 0. It turns out
that for 6000 averages both are well converged. We note
that for increasing disorder, the time until the system
converges to a non-equilibrium steady state is increasing
significantly. Additionally, increasing disorder results in
different on-site potentials, wherefore the step size has to
be adapted as well.
Furthermore, for increasing system sizes not only the
scaling of the density-matrix with 22N causes numeri-
cal effort but rather again an increase of the integration
time and an adjustment of the step size. Due to this ef-
fort, in this approach we are limited to system sizes up
to N = 8, where we only apply 1000 disorder realiza-
tions for each data point. Therefore, our system sizes
are significantly smaller than the thermodynamic limit
(TDL). However, for the purpose of our study, already
small system sizes are sufficient. We are interested in the
impact of the spin-blockade on the transition from diffu-
sive to subdiffusive transport, even if the exact point of
the transition is not the correct value in the TDL. Espe-
cially, we compare qualitatively long-range coupling with
the nearest-neighbor case, as the spin-blockade is non ex-
istent for long-range coupling.
In Sec. II, in the first graph, we have shown the absolute
current N〈j〉 in Fig. 2. For all other plots we showed
instead the relative current 〈j〉, as the transport behav-
ior is obtained from the scaling of the relative current.
Now we again focus on the absolute current, because dif-
fusive transport is clearly visible as an intersection of
curves with different N as it was the case at µdiff in
Fig. 2(a). Similar to µdiff , we find a specific disor-
der strength hdiff , where the absolute current does not
change for the considered system sizes and an intersec-
tion of the curves for different N occurs. Right at hdiff
the transport obeys a phenomenological transport law
j = D∇σz with D independent of the system size. The
regime h < hdiff , where the absolute current increases
with the system size is superdiffusive. For h > hdiff , the
absolute current decreases with the system size which is
subdiffusive transport.
In case of a system without boundary reservoirs there ex-
ists a second transition at hMBL ≈ 3.7 [12, 25] where the
current scaling with the system size should change from
j ∼ 1/Nγ (γ > 1) to j ∼ exp(−κN) which is the many-
body localization transition. Here we do not address the
question if hMBL exists in such small boundary driven
systems but hope these findings might help to character-
ize hMBL in comparable systems as ours, as long-range
coupling shows no bath induced boundary localization
(spin-blockade).
We start with a comparison to the findings of ref. [46],
where they find a transition to subdiffusive transport at
hdiff ≈ 0.55. It was shown that there is a critical system
size N∗ above which finite size effects are absent. We
again remark that our investigated system sizes include
finite size effect due toN < N∗. Still, we can predict with
a maximal system size N = 7, a transition to subdiffusive
transport at hdiff ≈ 0.6 what we show in Fig. 7. The
resulting disorder strength is close to its value obtained
for N > N∗ with hdiff ≈ 0.55 [46]. We note that we
are not interested in the exact value of hdiff in the TDL,
obtained from the current scaling via 〈j〉 ∼ 1/Nγ with
γ = 1 at hdiff . We determine hdiff qualitatively from a
certain disorder strength where the absolute currentN〈j〉
does not change for various system sizes N . This clari-
fies that our method to obtain hdiff from an intersection
of curves can predict a transition relatively close to the
value of the TDL for weak driving and nearest-neighbor
coupling. In contrast to ref. [46] we are investigating also
the far from equilibrium current. We have shown in Sec.
II that for nearest-neighbor coupling, the chain exhibits
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FIG. 7. Benchmark of the transition to subdiffusive transport
visible via an intersection with ref. [46]. The absolute current
N〈j〉 does not change for all considered system sizes at a dis-
order strength hdiff ≈ 0.6. This marks a point with diffusive
transport where the system obeys a phenomenological trans-
port law j = D∇σz. Before and after hdiff the system shows
anomalous transport whereby it changes at hdiff from su-
perdiffusive to subdiffusve transport. Note that here the dis-
order at the boundary spins is weaker h0, hN−1 ∈ [−h/2, h/2]
in order to compare the value of hdiff with ref. [46] .
NDC resulting in subdiffusive transport already for zero
disorder, whereas strong driving does not influence the
transport within a long-range coupled chain. Although,
we are studying small chains, greater systems show an
even stronger NDC for nearest-neighbor coupling (Fig.
2), favoring subdiffusive transport for increasing N .
In Fig. 8 we compare the nearest-neighbor case with the
long-range coupling in case of disorder. For weak driv-
ing, we observe that hdiff is shifted to higher disorder
strengths in case of long-range coupling (Fig. 8 (a) and
(b)). The reason that the transition to subdiffusive trans-
port takes place at a higher disorder strength for long-
range coupling, is that long-range coupling shows nearly
ballistic transport (γ ≈ 0.01) in contrast to superdiffu-
sive transport (γ = 0.5) of the nearest-neighbor case.
Thus, a higher disorder strengths is needed in order to
suppress the transport for long-range coupling such that
it becomes diffusive. If we increase the external driving
strength µ to maximal driving, we see even a greater dif-
ference between both couplings: While for the long-range
scenario hdiff remains at nearly the same value (Fig. 8
(d)), the nearest-neighbor coupling shows transport be-
yond diffusivity for all investigated disorder strengths,
even for h = 0 (Fig. 8 (c)). The reason for this dif-
ferent qualitatively behavior lies in the spin-blockade for
the nearest neighbor scenario and the absence of NDC
for long-range coupling which we have shown in Sec. III.
These findings prove that if disorder is applied, the tran-
sition to subdiffusive transport is dependent on the ex-
ternal reservoirs for nearest-neighbor coupling. Far from
equilibrium driving already suppresses the current due to
(a) α = 1000, µ = 0.02 (b) α = 0.5, µ = 0.02
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FIG. 8. Comparison between nearest-neighbor and long-range
coupling for weak and strong driving. For weak driving, both
nearest-neighbor (a) and long-range coupling (b) show diffu-
sive transport at a certain disorder strength. The transition
hdiff is at a higher disorder strength for long-range coupling.
For maximal driving µ = 1, the nearest-neighbor scenario
shows transport beyond diffusivity up until h = 0 (c) while for
long-range coupling hdiff does not change significantly (d).
Note, that due to the numerical effort, we excluded N = 8
in (c) because it becomes already clear that the transport is
subdiffsive for all investigated disorder strengths.
a spin-blockade effect and it becomes difficult to unravel
the effect of disorder from the spin-blockade. The trans-
port for long-range coupling is unaffected by the exter-
nal reservoir, even for the far from equilibrium situation.
Thus, the transition to subdiffusive transport is a disor-
der effect, independent of the external drive. In our case
with a high potential difference of the reservoirs, a pos-
sible MBL-transition would be a purely disorder induced
effect in case of long-range coupling.
V. CONCLUSION
We investigated the isotropic Heisenberg quantum
spin-chain with either nearest-neighbor or long-range in-
teraction. By calculating the non-equilibrium steady
state current which is induced by two boundary reser-
voirs at different potentials, we saw that the transport of
the long-range coupled chain is independent of the chosen
reservoir parameters. For far from equilibrium driving,
the nearest-neighbor scenario shows negative differential
conductivity resulting in a change of the transport al-
ready for zero disorder with a specific driving µdiff ≈ 0.6
with diffusive transport. We have shown that for long-
range coupled chains, the negative differential conductiv-
ity is absent due to the scattering of the two magnetic
8counterparts beyond the central sites. Long-range cou-
pling still acts close to a linear response regime for the
far from equilibrium situation and the transport remains
nearly ballistic with a power law exponent γ = 0.01. This
is also the case for all investigated system-reservoir inter-
actions.
Adding disorder, we observed a specific disorder strength
hdiff with diffusive transport for both, nearest-neighbor
and long range coupling in the weak driving regime. For
the far from equilibrium situation, we observed diffu-
sive transport for long-range coupling at nearly the same
hdiff . In contrast, the nearest-neighbor case shows subd-
iffusive transport already for h = 0 due to a spin-blockade
effect. Long-range coupling is robust against the bath in-
duced spin-blockade.
Thus, for nearest-neighbor coupling the transport is
highly dependent on both, the external driving µ and the
disorder h in a boundary driven Heisenberg model. In or-
der to distinguish many-body localization as an effect of
disorder from the spin-blockade, long-range coupling pro-
vides a clear understanding of MBL for boundary driven
systems as it is robust against far from equilibrium ef-
fects.
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